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Abstract
A general quantum channel consisting of a decohering and a filtering element carries one qubit of an
entangled photon pair. As we apply a local filter to the other qubit, some mutual quantum information
between the two qubits is restored depending on the properties of the noise mixed into the signal.
We demonstrate a drastic difference between channels with bit-flip and phase-flip noise and further
suggest a scheme for maximal recovery of the quantum information.
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I. INTRODUCTION
Rapid advances in photonic quantum information physics and engineering are fueled by
enticing promises of new computational and communication paradigms realizable in future
quantum networks. Recent roadmaps for a quantum internet necessarily encompass fast and
reliable transfer of quantum information between distant locations [1–4]. In the most general
case, an entanglement distillation protocol [5–8] is believed to be able to ensure the error-free
transmission of quantum states. Some of these distillation protocols can be viewed as the
filtering of the transmitted quantum signal from some kind of decohering influence of various
types of noise inherent to a communication system.
Filtering is a known and powerful tool in the quantum engineers tool box. Besides entan-
glement distillation [9, 10], local filters have been used for a number of important functions
such as remote two-photon state preparation [11], purification of individual qubits [12], multi-
dimensional state characterization [13, 14], increasing resilience to amplitude damping [15, 16],
correcting mode misalignment [17], and estimating channel capacity [18]. Furthermore, spatial
and modal filtering schemes were proposed to separate signal and noise [19, 20]. More complex
functions include realizing noiseless amplification [21], decoupling an eavesdropper from a lossy
channel [22], and potentially removing bit-flipped errors using the entanglement filter [23].
In our previous work [24, 25], we addressed a curious interplay between two local filters
applied to a perfect Bell state. One filter was realized by inherent imperfections of a quantum
channel carrying one photon of a pair, and the other filter was deliberately controlled by a
quantum network operator. For that scenario, we showed how the operator can trade off
transmission rates for entanglement quality for the ideal condition of noiseless initial photon
pairs. For a sufficiently narrow frequency range, a general quantum channel can be represented
by a combination of an arbitrarily oriented decohering element, which mixes noise into the
initial Bell state, followed by a local filter [26, 27]. The relative orientation of the decoherence
and filtering elements determines what kind of noise is mixed into the signal. Whether the
entanglement-rate trade-off mentioned above works for the various types of partially mixed
pairs is the subject of the current paper.
In this paper, we consider the transmission of one photon of a Bell state over a general
quantum channel which adds noise and introduces inherent filtering that partially removes one
mode. We experimentally investigate two exemplary cases of noise – one corresponding to
bit-flip errors and the other corresponding to phase-flip errors. The errors and the subsequent
filtering in the channel diminish the quality of distributed entanglement. We then employ the
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Procrustean filtering method [9, 28–30], that is we use a local filter on the remaining photon
of the pair. By tuning the filter magnitude and direction, we recover as much of the mutual
quantum information between the two photons as possible. We prove that for uncorrelated noise
due to bit-flip errors, the Procrustean filtering method is very ineffective and can only recover
a small amount of mutual information. The method can, however, be marginally improved
by a judicious choice of the filter magnitude. Next, we explore classically correlated noise
arising when the channel introduces phase-flip errors. We show that correlated noise does not
hinder the ability to completely recover mutual information by Procrustean filtering. Numerical
extraction from theoretical density matrices validates our data. Our experiments suggest that
a polarization controller properly pre-positioned in mid-channel can enable successful recovery
of quantum information.
II. QUANTUM STATE PREPARATION
Our experiment is shown schematically in Fig. 1(a). Photons from a source outputting a
|φ+〉 Bell State are separated and routed to quantum channels A and B. For channel A, repre-
senting interactions with the environment, we choose a general polarization quantum channel
comprising a decohering birefringent element ~βA of arbitrary orientation, followed by a mode
filter inherent to the channel ~γA. The direction of vectors ~βA and ~γA on the Bloch sphere as well
as the filter’s magnitude are variable. Channel B represents the control by a quantum network
operator and contains a mode filter ~γB that is also tunable in both magnitude and direction.
The physical properties ~γ and ~β of our channels can be conveniently represented by rotational
operators in Jones space [26, 31]. The operator for a filter ~γ is given by: P = exp
(
~γ
2
· ~σ
)
, where
~σ is a vector whose elements are the three Pauli matrices. Likewise, the rotational operator
for a birefringent element ~β of length L is: U = exp
(
−j ~βL
2
· ~σ
)
. The differential group delay
between two pulses of the slow and fast polarization modes is equal to |~τ | = | ∂~β
∂ω
|, which is a
constant in our experiment. Setting and adjusting the decoherence element allows us to vary
the noise admixed to our quantum state.
To implement the system of Fig. 1(a), we generate signal and idler photon pairs via four-
wave mixing [32] by pumping a dispersion shifted fiber (DSF) with a 50 MHz pulsed fiber laser
centered at 1552.52 nm. The DSF is arranged in a Sagnac loop with a polarization beam splitter
(PBS) in order to entangle the signal and idler in polarization, and a WDM demux separates
the photons spectrally into 100 GHz-spaced ITU outputs after the Sagnac loop, resulting in
photons with a temporal duration of about 15 ps [33]. The pump pulse is also filtered by
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(a)
FIG. 1: (a) Experiment schematic: a source outputs a |φ+〉 state towards detectors DA and DB.
Channel A is a concatenation of a decoherence element ~βA and a mode filter ~γA, while channel B only
includes a mode filter ~γB. Vectors ~βA and ~γA are perpendicular in (b, c, d, e) and collinear in (f, g, h,
i). (b, f) Evolution maps of qubit A through ~βA. (c, g) Theoretical density matrices for the “quantum
signal” |φ+〉. (d, h) Theoretical density matrices for the “quantum noise” introduced by ~βA: bit-flip
noise Nbf (green) and phase-flip noise Npf (cyan). (e, i) Experimentally obtained density matrices for
~γA = 0 and ~γB = 0. These are clearly incoherent mixtures of the signal and noise pictured to the left.
a 100 GHz telecom add/drop filter. ITU channel 28 (1554.94nm) is sent to channel A and
ITU channel 34 (1550.12nm) to channel B. The source typically outputs an average number of
pairs per pump pulse in the µ = 0.001 − 0.1 range [34, 35]. Tunable polarization dependent
loss emulators [36] serve as the filters ~γA and ~γB, while a fixed polarization mode dispersion
emulator [37] provides the decohering element ~βA. Polarization controllers set the orientation of
the individual vectors ~βA, ~γA, and ~γB. The detectors operate in a gated mode with a detection
efficiency of η ∼ 20% and a dark count probability of ∼ 4× 10−5 per gate. Automated FPGA-
based controller software performs full polarization state tomography to determine the density
matrix of the state measured at the two detector stations [38, 39].
To illustrate how the birefringence ~βA depolarizes the qubits traversing channel A, we turn
to the Bloch sphere representation. In Fig. 1(b, f), we present the degree to which a sphere
representing qubit A shrinks into a prolate spheroid aligned along the direction of ~βA. Note
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that the |H〉 direction for photon A is chosen along ~γA. In general, the orientation of ~βA can be
arbitrary, but here we study two characteristic cases. In the first case, the birefringence vector
~βA points toward the equator as seen in Fig. 1(b). The resulting density matrix can be described
as a bit-flipping channel with probabilistic action on qubit A given by ρ→ ρ′ = (1− p
2
)ρ+ p
2
σ1ρσ1.
Figure 1(f) shows the second case, in which the birefringence vector ~βA is oriented toward
the pole. The polar birefringence acts as a dephasing or phase-flipping channel, in which
probabilistic evolution of the qubit A density matrix is given by ρ → ρ′ = (1 − p
2
)ρ + p
2
σ3ρσ3.
Here, σ1 and σ3 are Pauli matrices and the p value determines the amount of noise mixed
into the state. Note that the p value used in the numerical plots of Fig. 1(b, f) matches the
experimentally observed value of p = 0.33.
In addition to the probabilistic qubit rotations above, there are other ways of implementing
the maps of Fig. 1(b, f). For instance, qubits containing a range of frequency components will
be similarly dephased by a frequency dependent birefringence ~βA [40–42], which is the method
that we have implemented here. To describe the overall effect of the channel A decoherence
~βA on the maximally-entangled initial two-qubit |φ+〉 Bell state, we use Choi-Jamio lkowski
isomorphism [43, 44].
Consider first the equatorial orientation of ~βA, that is the case of bit-flip errors. The two-
qubit density matrix ρbf becomes:
ρbf = (1− p)|φ+〉〈φ+|+ pNbf, (1)
where Nbf =
1
2
(|φ+〉〈φ+|+ |ψ+〉〈ψ+|). The sum of the two terms, each illustrated for clarity in
Figs. 1(c) and (d), represents an incoherent mixture of the original quantum signal and the rank
two bit-flip noise admixed to it by the decoherence element. Experimental characterization of
the state emerging at the output of the dashed purple box in Fig. 1(a) produces the density
matrix ρbf presented in Fig. 1(e). The matrix is clearly well described by Eq. 1, hence verifying
our model and attesting to the precision with which we are able to control our quantum states.
The polar orientation of ~βA, that is the case of phase-flip errors, results in a very different
noise term. Again, the two-qubit density matrix ρpf can be represented as an incoherent mixture
of the quantum signal and the quantum noise:
ρpf = (1− p)|φ+〉〈φ+|+ pNpf, (2)
but here Npf =
1
2
(|φ+〉〈φ+| + |φ−〉〈φ−|). The two terms are shown in Figs. 1(g) and (h). The
actual experimentally measured density matrix closely follows Eq. 2 as can be seen in Fig. 1(i).
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Both noise terms Nbf and Npf are rank-2 Bell diagonal states. Compared to the isotropic
rank-4 noise theoretically considered previously for Werner states [25], the terms Nbf and Npf
represent more realistic scenarios. The properties of the two are drastically different, however.
Note that Npf is a mixture of co-polarized classical photons pairs |HH〉 and |V V 〉. Therefore,
it exhibits classical correlations in the canonical basis, the significance of which we show below.
III. RESULTS
We now investigate further entanglement degradation of the states of Eqs. 1-2 by the
inherent filtering effect of channel A, ~γA, as well as the nonlocal entanglement restoration
achieved by applying an additional filter ~γB in channel B. Here, we quantify the amount of
entanglement by the mutual quantum information [45] shared between qubits A and B. The
mutual information can be readily computed from the experimentally obtained density matrices
by using S(A : B) = S(A) + S(B)− S(AB), where S(AB) is the von Neumann entropy of the
entire two-qubit state, and S(A), S(B) are the marginal entropies.
Figure 2(a) shows a decrease in the measured S(A : B) with empty black triangles when
a filter in channel A, ~γA, of increasing strength is applied to the bit-flipped state of Eq. 1.
Some quantum information can be recovered by applying another filter ~γB to channel B. We
first select its magnitude, γB, and then its orientation such that maximal information recovery
is achieved. For the symmetric case of γB = γA, the best recovery achieved is shown in purple
triangles; however, the maximum amount of recovered quantum information can be further
increased by slightly reducing γB. We determined that the optimal filter magnitude, γ
opt
B , is
given by γoptB = tanh
−1[C tanh(γA)], where C is the concurrence of the bit-flipped state of
Eq. 1. The derivation of this optimal filter magnitude can be found in Appendix A. Next,
we adjusted the magnitude of the filter in channel B to the optimum value, γB = γ
opt
B . The
results, shown with the green triangles in Fig. 2(a), demonstrate the best possible information
recovery for the bit-flipped state created by our setup. The scatter seen in the data is largely
due to the inherently imperfect alignment of the various elements, whereas the uncertainty
arising from photon counting is indicated by the error bars. The lines show the corresponding
normalized theory (see Appendix B for details). The range of the axes in Fig. 2(a) was chosen
to be the same as in Fig. 2(b) to facilitate comparison between the two cases. Figure 2(a)
convincingly demonstrates that Procrustean filtering can only recover a small amount of the
mutual information lost by quantum states corrupted by bit-flip errors.
The inset of Fig. 2(a) further illustrates the effect of the relative magnitudes of ~γA and
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FIG. 2: (a) Bit-flip noise. Experimental (symbols) and theoretical (lines) mutual information S(A :
B) as a function of γA. Symbols denote γB values: γB = 0 (empty O), γB = γA (purple C), and γB =
γoptB (green B). For the values of γA denoted by the vertical lines, the mutual information S(A : B)
is shown vs the ratio of the two filter magnitudes γBγA (inset). (b) Phase-flip noise. Experimental ()
and theoretical (lines) mutual information S(A : B) as a function of γA. Symbols denote γB values:
γB = 0 (empty ) and γB = γA (cyan ). The black line from (a) is also shown for comparison.
(c) Bit-flip noise. Progression of experimental density matrices: initial mixed state after decoherence
but no filtering (left), after filtering in channel A (middle), after compensation by filtering channel B
(right). (d) Phase-flip noise. Progression of experimental matrices similar to (c). The polarization
bases of the density matrices in (c) and (d) are the same as those in Fig. 1 (c,d,e,g,h,i).
~γB on the amount of information which can be recovered. Here, we plot the measured mutual
information S(A : B) (symbols) and the corresponding theory (lines) as a function of the γB/γA
ratio. The data is taken at the three different values of γA denoted by the vertical lines in the
main panel, that is at γA = .820, .857, .869. The points and curves in the inset correspond to
the points along the vertical lines of the same color in the main panel. Our theory gives a
nearly equal optimal value for all three cases, γoptB ' 0.59 γA. Both the data and numerical
simulations shown on the inset clearly validate our theory.
Figure 2(b) presents data similar to that of Fig. 2(a), but for the case of phase-flip noise.
Similar to the black squares in Fig. 2(a), the gray squares show the mutual information as
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a function of the inherent filter strength of channel A for the two-qubit state impaired by
phase-flip noise. The dashed gray line shows the theory for the phase-flip case, and the solid
line taken from Fig. 2(a) for the bit-flip case is also plotted for comparison. The mutual
information between two qubits decreases somewhat slower for the phase-flipped case as γA is
increased. This is a surprising observation since the concurrence as a function of γA is exactly
the same in both cases. That is, the relative orientation of the filter ~γA with respect to the
decoherence ~βA changes the amount of information shared between the two qubits without
changing the degree of entanglement of the pair. We speculate that the slower decrease of the
mutual information is due to existing correlations in the phase-flip noise itself.
Similar to our procedure for recovering the information lost in the bit-flip case, we then
applied an additional filter ~γB to recover the information lost due to ~γA. Here, the symmetric
case γB = γA allows for the recovery of all information lost due to ~γA, as in the case of a perfectly
entangled state [24]. The cyan squares show the resulting mutual information measured after
the application of the channel B filter with magnitude γB = γA. The cyan line corresponds to
the mutual information when γA = 0, confirming that ~γB compensates for the effect of ~γA.
While mutual information is conducive to establishing the viability of some quantum proto-
cols, another metric, concurrence, carries important information in the context of Procrustean
filtering procedures. Specifically, the average entanglement, that is the product of concurrence
and the transmission rate of detected qubits after filtering, remains constant for fixed magni-
tude of γA and γB [24]. In other words, there is a tradeoff between the entanglement quality
and the transmission rate, which is controlled by the relative orientation of the two filters.
Mutual information is a monotonic function of concurrence for the cases shown in Figs. 2 (a)
and (b), and we observed a corresponding reduction of the transmission rates when the mutual
information was restored to higher values, which is in agreement with our previously published
results [24].
Figures 2(c) and (d) show experimental density matrices taken at various stages of the
experiment for the bit-flip and phase-flip cases, respectively. In each set, the left-most plots
show the initial states of Eqs. 1 and 2, which evolve to those shown in the middle plots upon
application of the channel A filter ~γA. Finally, the right-most plots depict the states after the
maximum amount of mutual information was recovered by application of the channel B filter
~γB. The same color code is maintained throughout Fig. 2.
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IV. DISCUSSION
To gain insight into why the Procrustean entanglement recovery method is ineffective when
uncorrelated bit-flip noise, Nbf, is mixed into the signal, we turn to the density matrices in
Figs. 2(c) and (d). It is illustrative to examine the diagonal matrix elements and the effect
that each of the filters, ~γA and ~γB, has on them. Consider partial filters of equal magnitude
which are set so that ~γA preferentially filters out the |V 〉 mode of qubit A and ~γB preferentially
filters out the |H〉 mode of qubit B. These filters counteract each other with respect to the
probabilities of detecting co-polarized photons, |V V 〉〈V V | and |HH〉〈HH|. That is, while
~γA reduces the frequency of simultaneous |V 〉 detections, ~γB reduces that of simultaneous
|H〉 detections accordingly, so the probabilities of the two events remain equal to each other.
However, both filters act in concert with respect to the probabilities of detecting cross-polarized
photons. Indeed, both filters favor the |HV 〉〈HV | element and reduce the |V H〉〈V H| element.
Uncorrelated bit-flip noise, Nbf, has all four co- and cross-polarized diagonal matrix elements.
Therefore, if filters A and B are arranged to restore a |φ+〉 Bell state, they can minimize some
Nbf elements while adversely increasing others, |HV 〉〈HV | in particular. Indeed, notice that in
the matrix progression of Fig. 2(c), the matrix element |HV 〉〈HV | grows with the application
of each filter ~γA and ~γB. This element signifies the presence of cross-polarized detection events,
which result in errors for the detection of a |φ+〉 Bell state. By applying filters A and B, the
Bell state component of the overall state (Eq. 1) can be restored, but the noise component Nbf
cannot. The trade-off between these two components explains why only limited entanglement
restoration is possible for bit-flip errors and why γoptB < γA. On the other hand, correlated
noise, Npf, only has pairs of co-polarized photons, so the filters affect the noise in exactly the
same way they affect a co-polarized |φ+〉 Bell state. Indeed, the initial state, shown in white
on the left-most panel of Fig. 2(d), can be nearly completely recovered by application of an
appropriate filter in channel B as demonstrated by the experimental density matrix shown on
the right-most plot of Fig. 2(d) in cyan.
V. CONCLUSION
To summarize, we transmitted one qubit of an entangled photon pair through a general
polarization quantum channel which decoheres and partially filters individual qubit modes.
In this scenario, the transmitted qubit is impaired by the channel itself, whereas the other
qubit remains accessible to a network operator. We then studied how the application of a
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local filter to another qubit maximizes the mutual quantum information between the two. We
showed that the relative orientation of the decoherence and filtering elements comprising the
channel strongly affects the amount of recoverable quantum information. We investigated two
example cases and established that while only a portion of the lost mutual information can
be recovered for bit-flip noise, complete restoration of the mutual information is possible for
correlated phase-flip noise. We supported the experimental data with corresponding theory
and further proposed an elegant intuitive explanation of the observed effects. Our results offer
tantalizing hope for error-free quantum information transmission in the future.
VI. ACKNOWLEDGMENTS
G. Riccardi and C. Antonelli acknowledge financial support from the Italian Government
through project INCIPICT and from the U.S. ARO grant W911NF1820155.
VII. APPENDIX A. OPTIMAL FILTER MAGNITUDE γoptB
Here, we expand on our recent theoretical results [25] to derive the magnitude of the filter
~γB that produces maximum entanglement. Both states ρbf and ρpf are Bell diagonal states [46]
and can therefore be expressed, up to local unitary rotations, as:
ρBD =
1
4
(
I2 ⊗ I2 +
3∑
j=1
tjσj ⊗ σj
)
. (A.1)
where the σj are the Pauli matrices and I2 is the two-dimensional identity matrix, both in
Jones space. The tj are the elements of the diagonal correlation matrix T = diag(t1, t2, t3)
in Stokes space. For all rank-2 Bell diagonal states, the tj coefficients include a single entry
|tj| = 1 and two |tj| = C, where C is the concurrence of the state ρBD. The application of an
arbitrarily oriented local filter of the form P = e
1
2
~γ·~σ to each qubit of ρBD results in a state ρ
with a concurrence of:
C(ρ) =
C(ρBD)
cosh(γA) cosh(γB) + TγˆA · γˆB sinh(γA) sinh(γB) , (A.2)
where γˆA and γˆB are the unit Stokes vectors of the local filter elements acting on the first and sec-
ond qubits respectively, and TγˆA ·γˆB is a geometrical dot product. This expression is maximized
when the dot product TγˆA · γˆB is minimized and γoptB = tanh−1 (|Min (TγˆA · γˆB)| tanh(γA)) .
In our experiment, γˆA represents the inherent filtering of channel A, which is inaccesible to
the operator. In other words, the value of the dot product TγˆA · γˆB is restricted such that only
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rotations of γˆB are permitted. Therefore, |Min (TγˆA · γˆB)| = ||TγˆA||. Our two noise scenarios
differ by the orientation of the vector γˆA with respect to the basis of the matrix T. For the
phase-flip case, γˆA is aligned with the Stokes axis sˆj for which the element |tj| = 1; therefore,
||TγˆA|| = 1, and the optimal magnitude of γˆB is given by γoptB = γA. On the other hand, for
the bit-flip case, γˆA is aligned along a smaller component of T of magnitude |tj| = C, resulting
in an optimal compensating filter magnitude of:
γoptB = tanh
−1 (C tanh(γA)) . (A.3)
VIII. APPENDIX B. MUTUAL INFORMATION AS A FUNCTION OF FILTER
MAGNITUDE
All theoretical values plotted with the lines in Fig. 2 of the main text are the result of
numerical extraction of the mutual quantum information from theoretical density matrices.
Specifically, PDL operators [26] of the form P = e
1
2
~γ·~σ are applied to the initial density matrix
ρin [47–49]:
ρf =
(PA ⊗ PB) ρin (PA ⊗ PB)†
Tr
[
(PA ⊗ PB) ρin (PA ⊗ PB)†
] . (B.1)
The initial density matrix ρin is set to ρbf or ρpf with p = 0.33 for the bit-flip and phase-flip
cases, respectively. Next, the magnitude and alignment of PA and PB are set in accordance with
the corresponding experiment. Finally, the mutual information of the final density matrix ρf is
calculated using S(A : B) = S(A) +S(B)−S(AB). Here, S(AB) is the von Neumann entropy
of the entire two-qubit state, S(ρf ) = −Tr{ρf log2(ρf )}, and S(A), S(B) are the von Neumann
entropies of the reduced density matrices of qubits A and B, respectively. The theoretical lines
were also normalized by a factor of 0.9. This was done so that the theoretical mutual information
agreed with the average mutual information of the density matrices measured with γA = 0 and
γB = 0. Note that a similar normalization factor of 0.925 was necessary when characterizing the
concurrence of a similar entangled photon source in our previous work [24, 25]. We speculate
that the additional normalization was required in each experiment due to some unaccounted
noise such as Raman scattered photons and/or leakage from the pump. Note that this single
normalization factor selected for γA = 0 and γB = 0 allows for a nearly perfect fit over the
entire range of γA and γB in both the bit-flip and phase-flip scenarios.
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